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CONDITIONS FOR FORMING THERMAL STRUCTURES
IN A METALLIC CONDUCTOR HEATED BY AN
ELECTRIC CURRENT

V. L Ikryannikov UDC 537.311.33

A nonlinear metallic conductor with a temperature-dependent electric conductivity contains an
inhomogeneity. Under certain conditions, under the action of Joule heat release in this medium a structure
is formed as the inhomogeneity intergrows across the current lines.

The present work is an extension of studies [1, 2] that were carried out to investigate the interaction of
thermal and electric fields in a heterogeneous nonlinear metallic conductor heated by an electric current that passes
through it. Its main goal is to determine the most general conditions under which structures are formed in this
system.

First, we recall the main results obtained earlier. The heating of an infinite metallic conductor with an
inhomogeneity at the center described by the function Q(r, z) by an electric current with the density jo(?) at infinity
is studied. The current is directed along the z axis of the cylindrical coordinate system (r, z). The effect of the
change in the current with time on the thermal processes in the vicinity of the inhomogeneity is analyzed in [2].
Therefore, for simplicity it will be assumed in what follows that jy(#) = jo = const. The equations describing the
changes in the temperature T and the electric potential ® in a conductor with the electric conductivity o = [1 +
aQ(r, 2171771 have the form V2® = —V®-Vo/o, 9T/ 9t = V2T + 8qoV®- VD, where the coordinates r and z are
written in unijts of the characteristic dimension of the inhomogeneity R and the time ¢ and the potential ® are
expressed in units of Rz/x and R2j0 /o, respectively; T'=1 + a(T, — Tg); o is the electric conductivity of the
medium referred to the initial electric conductivity og at infinity; a = (1/o — 1) at t=0, r = z = 0 is the parameter
of the inhomogeneity; dg = RZaj%/(quoo). Let T = expSgd) [1 + aTy + 0w@H ], = exp@od [~z + aDy + O(az) L
Then

2 T  oQ
Vo ==~
~ =V T1—50(2¥+2T1+9 , Tyl =0. ()

In {1, 2] problem (1) was studied when the inhomogeneity had the specific spherically symmetric shape Q(r, z) =
exp(—r2 - 22). In this case the time dependence of the temperature at the center is

TI(O,O,Z)=%}‘“(Z—I‘§ 1_(1+2601)M_é_0_r_)_ , (2)
0 7(1+ 4 287

X
where F(x) = exp(-—xz) [ exp y2dy is the Dawson integral [3]. Function (2) reaches a minimum at
0
t= 1, = 1.703/(28,) , 3)

and at ¢ —» o it tends to the limit
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T, (0, 0) = [In (83, + C — 61/4, “)

where C =0.5772 ... is the Euler constant. The specific electric resistance p; and the temperature 7 are connected
by the relation

py =T, +Q. )

It the present study the solution of problem (1) is investigated for a wide class of functions describing the shape
of the inhomogeneity. In particular, the effect of this shape on formation of structures is studied. It is required that
the following conditions be fulfilled:

1. The function Q(r, z) is continuously differentiable at least twice with respect to r and z at any point of
the plane (7, 2).

2. At r =z =0 the function Q(r, z) reaches the maximum, value (0, 0) =1, and at r = 0, z # 0 it decreases
monotonically so that lim Q(r, z) = lim Q(r, z) = 0

>0 z-> ©
iim 22 = im 2220, o<, 5<1.
3. For any z € (—, «) the functions
< < aQ ! 3’Q
J rinrQldr, [ rllnr=1{dr, [ r Inr — | dr. (6)
0 0 0z 0 oz

exist.

4. Atz > o, Q(r, 2) = oz ).

In what follows, in order not to digress from the main subject, consequences of the above conditions will
be written. From 2 and 3 it follows that the following integrals are convergent:

™)

b

0 0z

7 °° 0 .2
w@E = [ xQ(x, 2)dx, ay(2)= f dex, { xGQExZ, szx
0 0 0z

In this case, both (6) and (7) converge uniformly in z. Because of this it is possible to pass to the limit in z under
the integral sign in (6) and (7) and to integrate these expressions. From the convergence of (7) it follows that at

r- w

Q(r,z):o(r_z), a—Q—=0(r~2), agz:o(r_z). ®)
0z dz

Omitting the proof of these consequences, we point out that they can be derived from well-known theorems on
integration of functions that depend on a parameter (for example, {4, 5]).

To find steady-state distributions T (r, z), it will be assumed in (1) that a7,/9¢ = 0. It is shown in
Appendix 1 that at 8¢ >> 1 the solution of (1) that is bounded at any point of the plane (r, z) has the form

o 2 © 2
Tl(r,z)=% fJClnxQ—Q——(x?’—Eldx—-lnrf xOQ!xz, zzdx 3
0z r 0z

r

_Q@, 7 }Q exp (ikz) ika (k) K, ‘k—2'§ dk , ®
2 2 — 00 \/2_

and the temperature distribution along the z axis is
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2
3Q(x, z) dx—lnvsao - C day (2) N

1 o0
T,0,2)=% [ xInx
' 2 0 622 2 dz

_e @2' 2, \/% i exp (ikz) ika (k) In kdk , (10)

where a(k) is the Fourier transform of the function ag(z) from Eq. (3):

a(k)=ik?x§2(x,k)dx=ikw(k), Q(x, k) = 7 exp (— ikz) Q (x, z) dz. (11)
0 —0

-

The temperature distribution along the r axis is found from (9) at z = 0. With account for (11) it can be written as
follows:

* 2 0 .2
Tl(r,0)=% fﬂnx@ﬂ%—’-gldx—lnr f x—ﬁ—HQ x2,0 dx | —
dz r dz

r

L0, LT 2wk [ e | we (12)
T R bl

The estimation of the integrals in (10) and (12) carried out in Appendix 2 makes it possible to determine
the order of magnitude of the functions T4 (0, z) and T(r, 0) at large values of the cooordinates. Let Q(0, z) =
0(2—2_8), where e > 0. At0<e <1, Ty(0, 2) = 0z~ 7% irrespective of a change in the function Q(, z).

Now let Q(r, 0) = O~ 27%). Also let 9%Q/0z2 = O(r"*7%), ¢ > 0. Then, if 0 < & < 3/2, then T} (r, 0) =
O(r™ %), that is, the temperature distribution over r is determined by the rate of decrease of the function Q(r, 0).
If ¢ = 3/2 and also if 9°Q/92% = O(r—4_8) atany e > 0, then T1(r, 0) = 0(5_3/2) = 0(6(3)/4r_3/1) irrespective of the
specification of the function Q(r, 0). Thus, if at large distances from the center Q(r, 0) = 0G¢™"™, m = 7/2, and
Q0, z) = O(z_"), n = 3, then the change in the temperature in the plane (r, z) is independent of the initial shape
of the inhomogeneity. A characteristic feature of the thermal structures is that at ¢ = o the solution "forgets” the
initial conditions, and the form of the structure becomes universal. Therefore, the exponents m = 3/2 and n = 3
are critical parameters.

For a qualitative description of the geometry of the thermal structures, z = 0 is assumed in Eq. (10) and
the temperature at the center is determined:

dag (0
T1(0,0)=H—~—°d7(—) In 8y — 6,/2,
where
. In8§-C dag (0)
b =1- 2 ‘_ dz -
© 2 o
- xlnxa—g—(%-oldx—\/(%) [ ika (k) In kdk .
0 dz —~x

At 8 = 8¢ ¢ = exp(20g/ 1dag(0)/dz1), T1(0, 0) = 0. This value of the parameter Jp separates two regimes. At
80 > g ¢rs T1(r, 0) > 0. Bearing in mind that the function T (r, 0) decreases more slowly at r >> 1 than T,(0, 2)
at z>> 1, it can be concluded that in this regime a distinctive effect appears: the inhomogeneity intergrows across
the current lines. In this case the distribution of the temperature and, consequently, of specific resistance p; of (5)
takes the form of a "ridge" that extends along the r axis. It should be noted that the larger Jdg, the higher the

665



Fig. 1. Sketches of the specific resistance p; = Q and the temperature 7 at
80 ="0.1 (2), 20 (b), 40 (), and 10* (d).

temperature and the smaller the effect of the function Q(r, z) on the form of the "ridge"of the specific resistance.
Therefore, apart from the thermal structure, an electric structure appears in the system.

If 89 < 8¢ or» the temperature at the center becomes negative: destruction of both the thermal and the
electric structure is observed. The form of the specific resistance becomes similar to that of the initial inhomogeneity
Q(r, z), and the temperature distribution takes the form of a "ravine" along the current lines rather than the form
of a "ridge" extended across the current lines.

Figure 1 shows results of the numerical solution of problem (1) for a spherically symmetric inhomogeneity
at different values of the parameter d¢g. As follows from (4), &g . = 28 for this inhomogeneity (In [1] d¢ o was
calculated with an error).

Hitherto, the distributions of temperature and specific resistance were considered in the steady-state regime
(t » «). The problem of estimating the time of development of the steady-state temperature regime (the time of
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structure formation) arises. For simplicity, spherical symmetry of the inhomogeneity is assumed. The quantity
defined by

is called the time of development of the steady-state temperature regime. In (13) %, and Tyg = T((0, 0) are
prescribed by expressions (3), (4); Ty, is the value of function (2) at ¢t = t,,; (371/ 99 pmax is the maximum rate of
change of function (2). This formula corresponds to the course of the change of temperature with time [1].

The derivative of (2) with respect to time is

aT vV
Til L o4 2s EOZ0 | (14)
ot 2 1(1+ 4 V23t

Let 89 >> 1. In (14) the change in ¢ will be neglected compared to do(?), and from the condition dle/ df* =0 the
equation xp(1 + x2) = (1 + x% + 2x4)F(xy,) is obtained, where X, = VIZ3glmax. HeNce fmay = x5/ (23p) is found,
and substituting it into (14), (dT|/df)yax = 0oB = & -const is obtained. The temperature Ty, is found by
substitution of (3) into (2):

1 1
"2V, (1 + 4"

T, X

V23glm
x f dx(il—(1+x2)%§)‘:'zA=const.
0

Then, with account for (4) #o = 1.703/(2d¢) + (n 89 — A)/(BSg). Thus, at 8o >> 1 the time of formation of the
structures in the conductor is fy ~ In 8g/dy, i.e., it decreases as dg increases.

Discussion and Conclusions. The present results show that in a metallic conductor under the action of Joule
heat sources an inhomogeneity intergrowing across the current lines can appear and thermal and electric structures
will be formed in the vicinity of the inhomogeneity. The main parameter determining the conditions for formation
of the structures is dp. Its physical meaning is the ratio of the characteristic power of the Joule sources to the
characteristcic rate of heat removal by heat conduction. The effect of intergrowth of the inhomogeneity can appear
in the conductor when dg > J¢ ¢, i.€., in electrophysical installations of high power. The numerical value of 8¢ o
depends substantially on the shape of the inhomogeneity. This is already evident from a physical consideration of
the extreme cases. Indeed, for manifestation of the intergrowth effect it is necessary that the heat release in the
vicinity of the inhomogeneity at points lying on the r axis be substantially higher than that at other points of the
medium. But the heat release is proportional to the square of the current density. Therefore, if the inhomogeneity
is extended along the z axis in the initial state, the electric current lines flowing around the inhomogeneity are
distorted slightly and a high power of the field sources is required in order that intergrowth of the inhomogeneity
be induced. In the opposite case, when the inhomogeneity is exiended along the z axis at the initial moment, in
flowing around the inhomogeneity the electric current lines are distorted quite strongly. Consequently, in the latter
case dg ¢y will be substantially smaller than in the former case. The value of dq ., also depends substantially on the
characteristic dimmension of the inhomogeneity R.

Finally, the formation of stable thermal and electric structures depends substantially on how distinctly the
inhomogeneity is singled out against the background of the medium. If the inhomogeneity is such that far from the
center the function describing its geometry decreases according to an exponential law with exponents larger than
3/2 along the r axis and larger than 3 along the z axis, then universal structures are formed, the form of which is
independent of the form the inhomogeneity.

As follows from the aforesaid, the present results can be used both in scientific research (for example, in
constructing models of thermal destruction of metals in strong electromagnetic fields) and in technology (for
example, in developing new methods of nondestructive testing of metals).
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APPENDIX 1

The steady-state solution of system (1) at 8o >> 1 is found by the method described in [1, 2]; therefore,
only the main points in the construction of function (9) that are characteristic of the present problem are given
here. Assuming that ®; (r, z) = ®o(r, 2) + Qp(&, 2) + 0(651), Ty(r, 2) = Tyo(r, z) + (&, 2) + 0(661), where &£
= r/V8y, substituting them into (1), and equating terms with the same powers of J¢, after some transformations
we obtain equations for determining ®o(r, 2), T10(r, 2), Qp(&, 2), I, 2):

19 raCDm __lar, 2 AD)
r or or 2 dz y
0Py @
107 7Ty T2 (A2)
1 30, 1 4% 50
_.g_ g-—(—)- = — 40’ HO—_—___Q_ (A3)
& o 3 2 9z oz
The solution of Eq. (Al) is ®jg = —1/2 f dx/x [ y-(8Q(y, z)/dz)dy or after integration by parts
X
D 2) =3 [hlr J —Q%Z*’de— [ xlnx 2. 2) a’;’ z dx}. (A4)
r
Then, from Eq. (A2)
bt 2 ® 2
Tyt 9=t | [ oxinx T2 D ey [ 2R B gy | 8 (AS)
2 r 0z r oz 2

Equations (A3) are independent of Q(r, z), and therefore, the form of the functions Qg(£, z) and Ily(, 2) coincides
with that obtained in [1, 2}

(.2
17 . 6Q
Q@ 9= [ ew@a® K [—"\/—7—&) dk, Ty, 2)=~=2", (A6)

where Ko(x) is the modified Bessel function of the second kind. The unknown function ¢(k) is determined from
the obvious condition of finiteness of the solution of problem (1) at any r and z. In this connection it should be
noted that from the boundness of [Kp(x) +1In (x/2)| < M it follows that

7 exp (ikz) ka (k) Ky (K’E/VZ ) +In (KE/V8 )1 dk | < M? lka (k)| dk,
0 0

where a(k) is function (11). But from the absolute integrability of the functions ag(z) and day/dz, convergence of

[ Vka(k)| dk follows. Therefore
0

o (€)= [ exp(ikz) ka (k) [Ky (KE/VZ ) + In (,KE/V8 )1 dk
+ 00
is a continuous function of § and hr% p)=-C f ka(k)exp(zkz)dk = —Cday(z)/dz, where C is the Euler constant,

and the value of the limit follows from a power “series expansion of the function Ko(x). Consequently, in order to
eliminate singularities in solutions (A4)—(A6) arising at r - 0, it must be assumed that ¢g(k) = a(k)/2. Then, the
distributions of the potential ®4(0, z) and the temperature Ty (0, z) of (10) along the z axis will be finite, and
therefore, the functions ®, (r, z) and Ty (r, z) of (9) will be bounded at any r and z.
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APPENDIX 2

For simplicity the function (r, z) is assumed to be even in both r and in z. Then,
[ exp (ikz) ika (k) In kdk = — 2Re [ exp (ikz) Ko (k) In kdk . (A7)
e 0

Asymptotic expressions for such integrals at z » « are found in [6]. As applied to Eq. (A7), this gives

exp (ikz) ika (k) In kdk ~ — 8z J xdx [ Qx, ydy+ 0(2_3 . (A8)
—® 23 0 0

From condition 4 imposed on the function Q(r, z) and from (7) it follows that €(0, z) = o(z“z),

3°Q/92% = 0(2_4), dag(2)/dz = 0z™%, [xIn xazQ(x, z)/ 9z%dx = 0(2_4). To find the asymptotic expression for
0
the integral [ kza)(k)Ko((kz/ V2)E)dk at r - o, the function w (k) is expanded in a Taylor series. Then
0

k2

T o () Ky (——5] dk=3 o™ Oym! [ "2k,
0 m=0 0

N V2

=0T (%)/(23/45”) +o™ Y,

where I'(x) is the gamma-function. From Eq. (8), Q(r, 0) = O(r"z_s), e > 0. If 0°Q/92% = O(r_4‘€),

2
k E]dk=

o0 2 o]
x99 Qx,0 , In (x/r _1 1
1(r)=fxln:4622——ldx~{ —);%Izdx—s—z 71 T .

r r

A19°Q/02% = O 279, 1) ~1/(%F).

NOTATION

Dimensionless quantities: r, z, cylindrical coordinates; ¢, time; o, electric conductivity; p, specific resistance;
T, temperature; Q, function describing the geometry of the inhomogeneity; ®, electric potential; 8o, parameter of
the system. Dimensional guantities: «, temperature coefficient of resistance; y, thermal diffusivity; y, density of
the material; ¢, heat capacity; R, characteristic dimension of the inhomogeneity; T,, ambient temperature; Ty,
initial temperature.
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